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It is proved that every directed graph with n vertices and minimum outdegree k 
contains a directed cycle of length at most n/k + 2500. 
Caccetta and Haggkvist 111 conjectured that every directed graph with n 
vertices and minimum outdegree k contains a (directed) cycle of length at 
most [n/k\. (T o see that this bound cannot be improved, consider the 
directed graph with n cyclically arranged vertices and with edges leading 
from each vertex u to the first k vertices following u in the cyclic order.) Our 
main result (Theorem 2) is a weaker statement, in which the conjectured 
upper bound is raised by a constant. (For previous work on the conjecture, 
see 12.1 and the papers referenced there.) 
THEOREM 1. If a directed graph G has n vertices and zf each of these 
vertices has outdegree at least k then G contains a cycle of length at most 
h/(k t 1). 
ProoJ: We shall write G = (V, E) and proceed by induction on n. An 
averaging argument shows the existence of a vertex v whose indegree and 
outdegree are both at least k. Write u E A if uv E E and write w E B if 
VW E E. If A n B # 0 then we are done, as there is a cycle of length two. 
Otherwise consider the graph H obtained from G by first deleting. the set 
A U (0) and then introducing certain new edges: for each pair of vertices X, y 
such that y E B, xy @! E but xu E E for at least one u E A, we add a new 
edge xy. By the induction hypothesis, H contains a cycle C of length at most 
2(n - k- l)/(k + 1). Replacing each of the new edges xy in C by the 
directed path xuuy, we obtain a closed walk C* in G. If precisely m new 
edges appeared in C then u appears on C* precisely m times, and so C* is 
composed of at least m cycles, whose total length is at most 
2(n - k - l)/(k + 1) + 2m. Hence the shortest of these cycles has length at 
most 2n/(k + 1). 
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THEOREM 2. If G is a directed graph with n vertices and if each of these 
vertices has outdegree at least k then G contains a cycle of length at most 
n/k + 2500. 
Prooj Again, we shall write G = (V, E) and proceed by induction on n. 
Theorem 1 allows us to assume that ~12 2500k. It will be convenient to write 
t = n/k and to denote the number of edges in a shortest directed path from x 
to y by d&(x, y). 
Case 1. For every vertex x, the number of vertices y with dist(x, y) < 
[t/2] + 1250 exceeds (n + 1)/2. 
This case is straightforward. First, an easy averaging argument shows the 
existence of a vertex x such that the number of vertices y with dist( y, x) ,< 
[t/2] + 1250 exceeds (n + 1)/2. Next, it follows that some vertex y other 
than x has dist(x, y) < [t/2] + 1250 and dist( y, x) < [t/2] t 1250. Finally, a 
shortest path from x to y and a shortest path from y to x combine into a 
directed closed walk of length at most t $ 2500. 
Case 2. There is a vertex x such that at most (n t 1)/2 vertices y have 
dist(x, y) < [t/2j t 1250. 
In this case, define c by 
([t/2J + 1250)(k - c) = (n t 1)/2 
and consider the smallest positive integer d with the following property: 
there is a vertex s such that at most d(k - c) vertices y have 
dist(s, y) < d. (1) 
(To see that d exists, observe that [t/2] + 1250 satisfies (1) in place of d.) 
With s as in (I), we claim that, for all nonnegative integers i, 
at most (i + l)(k - c) vertices y have d - i < dist(s, y) < d. (2) 
To justify this claim, we may assume that i< d - 2, for otherwise (2) 
follows trivially from (1). Now note that, by minimahty of d, more than 
(d - i - l)(k - c) vertices y have dist(s, y) < d - i - 1; if (2) failed then 
more than d(k - c) vertices y would have dist(s, y) < d, contradicting (1). 
For future reference, note that 
c > (2498k - l)/(t + 2500) > lOOOk/t. (3) 
Subcase 2.1. For every vertex u with dist(s, u) = d - 1 there is a vertex 
w with dist(v, w) < (t/200) - 1 and dist(s, w) < d - 3. 
In this subcase, write v E Q if dist(s, v) = d - 1; write u E P if dist(s, u) = 
d - 2 and if there are at least k/8 edges uv with v E Q. We claim that there 
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are a subset R of P and a subset S of Q such that lR I< k/8, / S I< 50 and 
such that for every u in P -R there is an edge UZI with u E S. To justify this 
claim, we may assume that 1 Q 1 > 50, for otherwise we could set R = 0 and 
S = Q. Now we shall construct a sequence R,, RI,..., R,, of subsets of P and 
a sequence S,, Si,..., S,, of subsets of Q such that lRij < 3k(15/16)‘, /Si/ = i 
and such that Ri consists of those vertices u in P for which there is no edge 
uu with u E Si. To initialize, we may set R, = P and S, = 0: by (2) with 
i = 2, and by (3), we have IPI< 3k. When Ri and Si have been constructed, 
the number of edges uu with u E Ri and u E Q - Si is at least 1 Ri I . k/8. 
Hence there is a vertex v* in Q - Si such that, writing 
we have IR*I > lRil a k/8 IQ - Si/. S ince I Q I < 2k by (2) with i = 1, and by 
(3), it follows that IR*l>jRJl6. Thus we may set Ri+,=Ri-R” and 
Sit, = SiU {v*}. Since 3(15/16)50 < b, we may set R = R,, and S = S,,. 
Next, we shall construct a graph H by adding certain new edges to the 
subgraph of G induced by all the vertices y with dist(s, JJ) < d - 2 and y @ R. 
These new edges uz are added for each vertex u in P-R; their other 
endpoints run through all the vertices z for which there is an edge uu with 
u E S and dist(u, z) < t/200. Since d < [t/2] + 1250, at most (n + 1)/2 
vertices y in G have dist(s, y) < d, and so H has fewer than n/2 vertices. We 
claim that 
each vertex in H has outdegree at least 3k/4. 
To justify this claim, consider an arbitrary but fixed vertex u in H, there are 
at least k vertices u with uu E E. If dist(s, U) < d - 3 then at most k/8 of 
these vertices v are in R, and the remaining ones are in H; hence the 
outdegree of u is at least 7k/8 in this case. If dist(s, u) = d - 2 and u @ P 
then at most k/8 of the vertices u are in R, at most k/8 are in Q, and the 
remaining ones are in H; hence the outdegree of u is at least 3k/4 in this 
case. Finally, if u E P -R then there is an edge uv with v E S; there is a 
vertex w with dist(v, w) < (t/200) - 1 and dist(s, w) < d - 3; there are at 
least k vertices z with wz E E. At most k/8 of these vertices z are in R, and 
the remaining ones are in H; hence the outdegree of u in H is at least 7k/8 in 
this case. 
By the induction hypothesis, H contains a directed cycle C of length less 
than 2t/3 + 2500. If none of the new edges uz are included in C then C is 
contained in G and we are done; if some positive number m of the new edges 
are included in C then, replacing each of these new edges uz by an 
appropriate directed path U, v,..., w, z of length at most (c/200) + 1 and 
passing through S, we convert C into a closed directed walk C* in G. The 
length of C* is at most t($ + (m/200)) + 2500; since C* passes through S at 
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least m times and since /Si ,< 50, some vertex in S occurs on C* at least 
[m/50] times. Thus, C* breaks down into at least [m/501 directed cycles in 
G, and the shortest of these cycles has length at most 
(c (++&j + 25OOj/Wl, 
which is at most (lit/12) + 2500. 
Subcase 2.2. There is a vertex u with dist(s, v) = d - 1 such that no 
vertex w has dist(v, w) < (t/200) - 1 and dist(s, w) < d - 3. 
In this subcase, let R, stand for the set of vertices y such that dist(v, y) < j 
and d - 2 < dist(s, y) < d - 1. By (2) with i = 2, and by (3), we have 
1 Rjl Q 3k for all j, and so 
1 Rjl < 199jc/200 (5) 
for all sufficiently large j. Consider the smallest j satisfying (5); we claim 
that 
j < (t/200) - 1. (6) 
To justify (6), we may assume that j > 2, for otherwise the inequality holds 
trivially. But then 
199(j - I)4200 < 1 Rj-, / < 3k, 
and so j - 1 < 6OOk/l99c. Now (3) implies j - 1 < 3t/995, and (6) follows 
as t > 2500. 
Consider the subgraph F of G induced by RjeI. By assumption of this 
subcase, each edge yw with y E Rj-l has dist(s, w) > d - 2, and so w E R, or 
dist(s, w) = d. By the minimality of j, we have lRj - Rj-, 1 < 199c/200; by 
(2) with i = 0, the number of vertices w with dist(s, W) = d is at most k - c. 
Hence each vertex of F, having outdegree at least k in G, has outdegree at 
least c/200 in F. By the induction hypothesis, F contains a directed cycle of 
length at most 
199jc/200 
c/200 
+ 2500, 
which is less than t + 2500 by virtue of (6). 
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